We provide evidence that gravitational radiation in a 4D radiation-dominated universe, with equation-of-state w = 1/3, consists of two components: helicity-2 gravitons and massless scalar acoustic waves. On physical grounds, we would expect the homogeneous solution of the Weyl tensor components to be a good approximation to its inhomogeneous counterparts, whenever the observer is located well in the far zone of an isolated astrophysical source of cosmological gravitational radiation. We show explicitly that these homogeneous and inhomogeneous solutions both receive contributions from the gauge-invariant tensor and the two Bardeen (acoustic) scalars.
I. MOTIVATION
What is gravitational radiation? This question is well studied in the asymptotically flat case, where the metric takes the form g µν → η µν + h µν . The asymptotically cosmological case is much less studied at a fundamental theoretical level, however. For instance, basic questions such as 'What is the gravitational-wave energy produced by an isolated source in a cosmological background?' have only begun to be answered in the specific case of de Sitter/Cosmological Constant dominated universe in the very recent works of [1], [2] , [3] , and [4] .
In this paper, we wish to initiate an investigation into whether there are additional radiative degrees of freedom associated with the metric when the cosmology is driven by a perfect fluid -as opposed to, say, the vacuum spacetimes of Minkowski and de Sitter -and if so, what the corresponding oscillatory polarization patterns are. More specifically, we place a hypothetical isolated astrophysical system in an even (d ≥ 4)−dimensional universe, which we in turn assume is driven by a single perfect fluid of constant equation-of-state w. Hence, our perturbed cosmological geometry, containing gravitational radiation, takes the form 1 g µν [η, x] = a[η] 2 (η µν + χ µν [η, x]) ;
(1)
For the discussion at hand, it is advantageous to work in the synchronous gauge χ (s)
0µ because the proper geodesic spatial distance between two co-moving freely falling test masses at x = Y 0 and x = Z 0 may then be readily expressed as
(3)
We see the fractional distortion of space is, at leading order in L(ȧ/a),
Now, gravitational radiation itself may be characterized by its ability to do work on a hypothetical
Weber bar immersed in a curved spacetime, due to tidal forces induced by the finite-frequencies content of geometric curvature -namely, the time dependent portion of the geodesic deviation equation tells us the relative acceleration a i between infinitesimally nearby test masses is
Here ∇ U denotes the covariant derivative along the co-moving family of timelike observers in cosmology, with tangent vector U µ = a −1 δ µ 0 in the synchronous gauge. Moreover, within the same gauge, the exact distortion tensor is
We shall focus on the traceless part of this tidal tensor -i.e., the Weyl components C i 0j0 .
1 The "mostly plus" sign convention is used for the metric, namely ηµν = diag[−1, +1, . . . , +1]; Greek indices µ, ν, . . . , run from 0 (time) to d − 1, while Latin ones i, j, . . . , run over only the spatial values 1 to d − 1. The symmetrization/antisymmetrization of tensor indices are denoted by round (. . .)/square [. . .] brackets, e.g., T (µν) ≡ 1 2 (Tµν + Tνµ) and T [µν] ≡ 1 2 (Tµν − Tνµ).
The reasons are two-fold. The first is geometric: the traceless part of the tensor B i j produces an independent distortion pattern from its trace part; see [5] for a pedagogical discussion. The second is technical: because the Weyl tensor C α βµν is conformally invariant, it is zero when there are no perturbations, and hence its linear-in-χ µν piece δ 1 C i 0j0 is gauge-invariant. We may therefore use the gauge-invariant content of χ µν obtained in [6] to construct the solution for δ 1 C i 0j0 ; and in turn, the highfrequency synchronous gauge perturbation χ (s) ij . Note that the computation of δ 1 C i 0j0 has already been partially undertaken in [7] ; but in this work we will not only provide somewhat simpler final results but also explicit solutions in the physically important case of the four-dimensional (4D) radiation dominated universe (i.e., d = 4 and w = 1/3). The 4D solutions for χ (s) ij during radiation domination will teach us; at least in the short wavelength limit, isolated gravitational-wave (GW) sources engender 2 independent oscillatory polarization degrees-of-freedom. These two polarizations survive even when the gravitational-wave source is removed; that is, both the inhomogeneous and homogeneous solutions of δ 1 C i 0j0 contain them. Since the latter may be viewed as an approximation to the situation where the observer is located in the distant far zone of the source, our results therefore suggest that gravitational radiation in a 4D radiation universe indeed does not consist solely of the usual massless spin-2 modes.
In §(II), we will gather and improve upon the results from [6] and [7] . We delineate both the gaugeinvariant content of χ µν and the general construction of the Weyl tensor that was begun in [7] . In §(III), we specialize to the primary cosmology of physical interest, the d = 4 and w = 1/3 case. Then in §(IV) we summarize the results and sketch future directions. In appendix (A), we tie up some loose ends from [7] ; and describe the linearized Weyl tensor δ 1 C i 0j0 results in de Sitter w = −1 and matter dominated w = 0 universes.
II. LINEARIZED GRAVITATION IN SPATIALLY-FLAT COSMOLOGIES WITH RELA-

TIVISTIC FLUID
Gauge-invariant variables
In [6] and [7] , the following scalar-vector-tensor decomposition was performed for the metric perturbation χ µν of eq. (1) as well as the stress-energy tensor (a) T µν of the hypothetical isolated astrophysical system.
(a) T 00 ≡ ρ,
By construction, these modes are subject to the following constraints:
From eq. (9), the gauge-invariant content of χ µν takes the form of 2 Bardeen scalars Φ and Ψ; 1 vector V i ; and 1 spin-2 tensor D ij ; the following definitions ensure they are not altered under an infinitesimal
Linearized Einstein equations In [6] , the gauge invariant variables were shown to obey
where H ≡ȧ/a = 2/(q w η) denotes the conformal Hubble parameter.
Spin-2
The solution to eq. (19), governing the spin-2 graviton D ij , can be found in eq. (247) of [7] :
where
1,d itself, obeying a homogeneous wave equation, is the advanced minus retarded scalar Green's function,
Equivalently, G
For the even dimensional case,
where P ν is the Legendre function. (See also eqs. (112) and (113) of [6] .) Additionally, C (g) 2,d and C (g) 3,d are both related to the known C (g) 1,d through the "time-integral method" developed in [7] :
with the Euclidean Green's function G (E) d and D d , respectively, defined as the inverse Fourier transforms of −1/ k 2 and 1/ k 4 ,
note that D 4 and D 5 of the latter have been dimensionally regularized, in which an arbitrary mass scale µ, as well as the Euler-Mascheroni constant γ, were introduced, but those constants present in the regularization scheme will not show up in the final results because they will be removed by the spatial derivatives ∂ i ∂ j of the tensor structure in eq. (20). Note that the expression (20) here is a bit different from eq. (247) of [7] , where the double-time derivatives of C (g) 2,d and C (g) 3,d with respect to η ′ have been replaced with the lower-derivative terms via the homogeneous wave equation for C (g) 1,d , which also holds for both C (g) 2,d and C (g) 3,d .
Vector Potential
As long as the perturbations become negligible in the far past, [6] has argued that (cf. eq. (178) of [7] )
Bardeen Scalar Potentials for 0 < w ≤ 1 The inhomogeneous Ψ solution that solves the scalar wave equation (16) was originally found in eq. (264) of [7] to involve all the three scalar functions C
3,d defined similarly to their spin-2 counterparts C (g) s above. However, that expression can actually be further reduced to a more concise form involving just C
The C (w) 1,d is the advanced minus retarded Green's function,
while, in a similar manner to eq. (23), C 
To arrive at eq. (30) from eq. (264) of [7] , we have carried out the time derivatives within the latter, by making use of the homogeneous wave equation obeyed by C With the solution of Ψ at hand, the other Bardeen scalar Φ can be obtained immediately by inserting eq. (30) into the relation (17), or its localized version given in eq. (175) of [7] ,
Remarks on Acoustic Modes
We highlight here, according to eq. (16), the Bardeen gaugeinvariant scalars obey wave equations -albeit with associated acoustic cones 0 < |d x|/dη = √ w ≤ 1 instead of the null one of the spin-2 counterpart in eq. (19). It is precisely these acoustic modes that prompted us to examine whether their wave solutions in (30) and (34) are mere artifacts of the decoupling procedure employed in [6] ; or, whether these acoustic features do in fact contribute to the traceless portion of the physical tidal forces in eq. (6) . We now turn to this question, for all even dimensional (d ≥ 4) relativistic cosmologies.
Linearized Weyl Tensor
In terms of the gauge-invariant variables in eqs. (13) through (15), the linearized Weyl components we are after read
To compute them, we proceed to substitute the gauge-invariant solutions (20), (29), (30), and (34) into eq. (35). Since these δ 1 C i 0j0 are the traceless components of the physical tidal tensor, the reader would not be surprised to learn that eq. (35) has been shown in [7] to be causal -namely, they depend on the astrophysical system on or inside the null cone of the observer at (η, x). The first attempt made in [7] revealed: all the gauge invariant variables {Φ, Ψ, V i , D ij } were needed to ensure this causality to hold, because each and every one of them are acausal -but when inserted into eq. (35), the acausal terms of these gauge-invariant variables cancel among themselves.
Moreover, we are able to simplify somewhat the result for δ 1 C i 0j0 relative to that in [7] . We have already noted so for the Ψ in eq. (30). The contributions from D ij can also be simplified by converting the second time derivatives of C S,d . After all these steps, the full δ 1 C i 0j0 can be expressed in terms of the retarded scalar Green's functions G
1,d for the Bardeen scalars.
where the tensor-only contribution is
and that of the scalar-only ones is through Nariai's ansatz delineated in appendix (D) of [6] ,
The remaining time integrals in the effective Green's function of δ 1 C i 0j0 are encapsulated within Q
Note that G 
At this juncture, it is the time integrals in eqs. (41) and (42) that are currently the primary obstacles towards an explicit closed arbitrary−w expression for δ 1 C i 0j0 in eq. (36). Nonetheless, these integrals may be evaluated for particular equation-of-states. The following section, i.e., §(III) below, will focus exclusively on the radiation dominated w = 1/3 case. The de Sitter w = −1 and matter dominated w = 0 cases may be found in appendix (A).
The physical significance of the result in eq. (36) is the appearance of the acoustic-cone structure
. That is, the acoustic waves of Φ and Ψ do not appear to be mere artifacts of the decoupling procedure of [6] ; rather, eq. (36) instead tells us the trace-free tidal forces in a relativistic cosmology 0 < w ≤ 1 do in fact carry acoustic modes that propagate at equal to or less than speed √ w. Of course, in the limit of a very dilute universe, we expect to recover Minkowski spacetime -these acoustic tidal forces must therefore be Hubble-suppressed relative to the tensor ones.
More explicitly, provided that the observer is located away from the GW sources (R = 0), the acoustic-only tidal forces (38) can be re-cast into
with the Weyl being the trace-free part of Riemann. To arrive at eq. (43), we have also employed the field equation obeyed by C
That the Green's functions of Ψ in eq. (30) and Φ in eq. (34) depend on C (w) 2,d but not on C (w) 1,d helps ensure the acoustic contributions to the Weyl tensor in eq. (43) are Hubble-suppressed relative to the tensor counterparts -i.e., the H[η]H[η ′ ] factors tell us, as already alluded to above, as the universe dilutes (H → 0) we should recover the Minkowski limit, where these acoustic waves should cease to exist. Furthermore, we will witness in some detail below, the acoustic-cone scalar signal to the null-cone tensor signal scales as (Hτ c ) 2 ≪ 1, where H ≡ȧ/a 2 = H/a is the usual Hubble parameter and τ c the characteristic timescale of the source.
Let us now move on in the following section to examine the features of these acoustic-gravitational waves for the physically important radiation dominated phase of our 4D universe.
III. GRAVITATIONAL WAVES AND POLARIZATION PATTERNS IN 4D RADIATION-DOMINATED UNIVERSE
When specialized to 4D radiation domination
the full exact δ 1 C i 0j0 in eq. (36) reads
where the tensor-only portions are
and the scalar-only portions are
The relevant retarded scalar Green's functions G 
The Q
and Q (w|rad,+) 4 from eqs. (41) and (42) can now be analytically evaluated:
They are both pure-tail and vanish identically on the null/acoustic cones. We notice that the pure light-cone nature of G are both space-independent.
Assuming the observer at (η, x) is away from the source area (R = 0), the scalar-only contributions in eq. (48) are now, according to eq. (43),
In the first line, with the 1/R scaling, is composed of the acoustic-cone signals; while the second line, decaying as 1/R 3 instead, corresponds to the acoustic tails that depend on the entire past history of the source(s) right up to the retarded time η − √ 3R. Even though the tail signals, for a fixed observer time η, fall off faster with increasing distance than their acoustic-cone counterpart, the former in the far zone is not always guaranteed to be strongly suppressed relative to the latter -we will carry out the relevant estimates below.
A. Far-Zone JWKB Limit: Trace-Free Tidal Forces
Since radiation corresponds to the transport of energy-momentum away from its emitter, its study usually takes place in the region of space far from the source; where the characteristic timescale of the source τ c -as well as its typical size r c -is much shorter than the proper observer-source spatial distance a[η]r: namely, τ c ≪ a[η]r and r c ≪ a[η]r. Additionally, about a cosmological background, this necessarily implies τ c is much shorter than that associated with the universe itself 1/H; since the latter is always the longest time/length scale. This far zone 'JKWB limit' is what we wish to consider in this section.
Estimates
To extract the leading far-zone contributions of eq. (46), we first discard the source terms evaluated at the observer's spacetime location, i.e., its last line, and carry out the derivatives acting on the relevant scalar Green's functions; whereby certain tail terms will be converted into the null-cone/acoustic-cone pieces as the result of differentiating the step functions.
Let us first compare the various "direct" spin-2 terms; i.e., its light cone signals. One will find, it is the second derivatives of the delta function δ ′′ , which occurs only in the tensor sector, that yield the Next, let us move on to compare the "direct" scalar signals -i.e., its acoustic-cone portion -to its spin-2 counterparts. Denote the dominant light-cone terms in eq. (47) by δ 1 C (g|DLC) :
where the function S refers to a generic component of the matter stress-energy tensor (a) T µν 4 , and all the numerical constants and the tensor structure have been omitted. In a similar manner, the acoustic-cone amplitude of eq. (55) can also be written schematically as
Ignoring the different propagation cones between the tensor versus acoustic signals in eqs. (56) and
(57), we take the ratio of their far-zone amplitudes to deduce
In addition to the "direct" part of the signal, there also exist non-vanishing tail effects in δ 1 C (4D rad)i 0j0 , as opposed to the de Sitter case (see appendix (A)). More specifically, the spin-2 tail portion of eq. (47) generally contains two types of amplitudes:
while the acoustic tail, as we have already noted in eq. (55), has the same amplitude as the latter up to a re-scaled spatial dependence R → √ 3R,
Within these tail terms, the S[η ′ , x ′ ] usually involves both (a) T 00 [η ′ , x ′ ] and (a) T ll [η ′ , x ′ ] of the matter source; however, the former, in the far-zone limit, may potentially lead to divergent tail integrals in eqs. (59), (60), and (61). This is because, the total mass/energy of the astrophysical system (a) M ,
is approximately conserved, at least for small Hubble scales, so that the integral
as well as its acoustic counterpart in eq. (61), appears to blow up at the lower limit η ′ → 0. As an example, this pathology occurs for co-moving point particles. Whether this divergence poses a real physical issue, however, cannot be clarified until the explicit (a) T µν of the astrophysical source(s) is specified, which we shall leave to our future work.
In spite of this potential issue, we may estimate the far-zone tail-to-cone amplitude by comparing the signals received solely over the course of the GW generation process -a physical estimation scheme employed in [8] . Since the gravitational radiation are physically attributed to the pressure of the astrophysical system due to the work done within itself, the GW signals are expected to peak at some time η * in the past, within a finite duration ∆t ∼ peak width dη a[η] of the active GW production from the source. Hence, as far as the radiation process is concerned, with the assumption that the scale factor does not change appreciably over the active period ∆t, the dominant spin-2 light-cone amplitude (56) is roughly bounded by
whereas the tail ones in eqs. (59), (60) and (61) are, respectively, bounded by
where the far-zone limit has been taken, τ c * denotes the timescales of the source at the peak time η * , and S = a −2 S refers symbolically to the physical (a) T µ ν = a −2(a) T µν observed by a co-moving observer.
As it turns out, the tail bounds (65) and (66), in the far-zone regime, are highly suppressed relative to their leading null-cone counterpart (64) by the following ratios,
Note also that the additional suppression factor H[η * ]∆t scales as (duration of active source)/(cosmic age) at around the peak time η * . Strictly speaking, the ratio (68) could still be enhanced if the active period of the source took place in the extremely early universe. Now, having neglected the sub-dominant direct and tail terms in eq. (46), the asymptotic farzone behavior of δ 1 C (4D rad)i 0j0 can be further re-cast into a local-in-space "transverse-traceless" ("tt") form, upon integrations by parts and invoking the conservation law of the energy-momentum tensor (∇ µ (a) T µν = 0) at leading order,
By placing x = 0 within the source, so that R ≈ r ≡ | x| in the far zone:
where the size r c and the timescale τ c of the source are, strictly speaking, evaluated at the retarded time η r , and χ (tt|4D rad) ij is given by
with r ≡ x/| x| and P
ijmn being the 4D "tt" projection tensor defined in the position space, 
where the mass quadrupole moment (a) I mn is defined as
Scalar Acoustic-Gravitational Tidal Forces Although the Bardeen scalars contribute subdominantly to the far-zone δ 1 C (4D rad)i 0j0 , their mere presence does raise the question of how many dynamical degrees-of-freedom there are within the linearized Einstein-fluid equations at hand. The non-trivial acoustic tidal forces also point to their potential impact on the large scale structure of the universe. To this end, we may continue to extract the explicit far-zone behavior of their contribution (55), Similarly, in the non-relativistic limit as r c /τ c → 0, we may re-write these far-zone expressions in terms of the mass monopole and quadrupole moments defined in eqs. (62) and (75), respectively,
where (a) I ll ≡ δ ij (a) I ij and the first-order conservation laws (69) and (70) have been employed.
As already alluded to in the previous section, the acoustic tail effect, in the far-field regime, is not always suppressed in comparison with its acoustic-cone counterpart, as can be seen in the following acoustic tail-to-cone ratio,
whose amplitude, in fact, depends on the hierarchy of the scales involved. The minimum tail-to-direct ratio, to be of the order ∆t/(a[η * ]r), is reached when the peak production of GWs happens near the retarded time η r,ac , i.e., η * ≈ η r,ac . In this scenario, if the physical observer-source distance at peak time, a[η * ]r, is sufficiently greater than the duration of the GW source, ∆t, then the acoustic direct signals could still dominate over their tail counterpart. On the other hand, if the active period of GW production occurs fairly early in the past, as long as the factor ∆t/(a[η * ]r) is not as small as the order of H[η](a[η]r), the acoustic tail signals could actually comprise a large proportion of the scalar tidal forces.
B. Far-Zone JWKB Limit: Space Distortions and Polarization Patterns
Having studied the high frequency limit of the traceless geometric tidal forces in a radiation dominated universe, let us now turn to a closely related issue. What is the corresponding 'JWKB limit' of the distortion of space driven by gravitational radiation, as experienced by free-falling co-moving test masses sprinkled within such a cosmology; and quantified via eq. (5)? Of course, the spin-2 polarization patterns are well known in a Minkowski background. We shall not only extend these tensor results to the w = 1/3 cosmological case -but also uncover the acoustic-gravitational ones, which have no counterpart in flat spacetime, de Sitter, nor in matter dominated w = 0 universes.
Synchronous-Weyl Relation
The key object within the fractional distortion formula of eq. (5) is the synchronous gauge metric perturbation χ (s)
ij . Let us first explain why, the dominant term of δ 1 C i 0j0 is in fact its acceleration; namely
In the high frequency ω limit, we may then proceed to use the JWKB results for the Weyl tensor components obtained in §(III A) above, to solve for χ (s) ij . We begin with the "on-shell" relationship between the Riemann and Weyl tensors,
where, on the right hand side, the Einstein's equation G µν = 8πG N T µν has been imposed on the trace parts of the Riemann tensor, with T µν referring to the energy-momentum tensor of the total matter content -both the perfect fluid and the isolated astrophysical system. Exploiting the a 2 (η µν + χ µν ) form of our cosmological geometry, we perform a conformal transformation of the Riemann tensor to reveal, in the synchronous gauge,
At the background level, H is governed by the Friedmann equations,
where T µν , being the zeroth-order total stress tensor, involving only the background perfect fluid, so it takes a diagonal form with isotropic pressure T ij ≡ δ ij a 2 p. Plugging eqs. (84), (85), and (86) into eq. (83), one would now obtain, up to first order in χ (s) ij and δ 1 T µν :
Notice from eq. (87) that the linear-order piece of T µν , denoted by δ 1 T µν , consists not just of the compact astrophysical sources, i.e., (a) T µν , but also of the first-order perturbations of the fluid that drives the cosmic expansion. In other words, even at linear order in perturbations, the precise connection between the synchronous gauge gravitational perturbation and that of the Weyl tensor components requires not only understanding gravitational dynamics; but those of the first order perturbed fluid as well.
Nonetheless, let us argue that the first term on the right hand side of eq. (87) is the dominant one -i.e., eq. (82) is justified -as long as the characteristic timescale of χ (s) ij , which in turn is associated with that of the GW source(s), is much smaller than the age of the universe. For, we may estimatë
ij , and G N δ 1 T µν in eq. (87), respectively, to scale as
where τ χ denotes the timescale of the synchronous-gauge perturbations in terms of the cosmic time t = dη a[η], and δ 1 T µν ∼ T χ (s) µν . As the Hubble parameter is also inversely related to the age of the universe, the factor Hτ χ appears to be a small ratio of the two scales, i.e., Hτ χ ≪ 1, indicating eqs. (89) and (90) are both Hτ χ suppressed relative to eq. (88). To sum, we have arrived at the estimate:
From eq. (84), we may in turn infer that
Physically speaking, the Weyl components δ 1 C i 0j0 provide the dominant contributions to the first-order tidal forces.
Monochromatic waves
To identify the radiative behaviors of eqs. 
where (a) T mn and (a) T are defined respectively as
For each ω-mode in eqs. (93) and (94), denoted by
ω is physically related to the GW frequency ω gw , as measured by a co-moving observer, via the redshift relationship ω gw [η] = ω/a[η] in the high-frequency JWKB limit. Furthermore, with ω gw [η r ] ∼ τ −1 c identified for the null propagation, the far-zone condition τ c /(a[η r ]r) ≪ 1, together with the suppression factor H[η r ]τ c ≪ 1, will translate into the limits ωr ∼ a[η r ]r/τ c ≫ 1 and ωη ∼ 1/(H[η r ]τ c ) ≫ 1 in "frequency space", which applies to its acoustic counterpart as well.
In terms of these monochromatic JWKB waves, i.e., eqs. (97) and (98), the dominant (spin-2) GW tidal forces now read (cf. eq. (71))
whereas the direct portion of the leading scalar ones (76) gives
In these expressions, the (Hτ c ) 2 suppression in amplitude found in eq. (58), can roughly be accounted for by a factor of 1/(ωη) in their prefactors, with another 1/(ωη ′ ) within the integrands of (a) T and ω (a) T mn in terms of eqs. (95) and (96). 
Matching of Inhomogeneous/Homogeneous Solutions
[kη] e i k· x
The unit vector k ≡ k/| k| points towards the direction of the wave propagation; H 
to extract the asymptotic behavior of eq. (101):
The spin-2-only δ 1 C (PW|g)i 0j0 and spin-0-only δ 1 C (PW|Ψ)i 0j0 tidal forces now denote their leading order expressions, When we specialize to 4D radiation domination, the leading spin-2 null waves (104) and the scalar acoustic ones (105) are, respectively,
Comparing these results with their inhomogeneous counterparts (99) and (100), we find that the matching of both the null/acoustic far-zone JWKB waveforms can indeed be established by the following correspondence between the two sides:
In other words, the remaining free parameters in the homogeneous solutions (106) and (107) TT gravitons, should be regarded as part of gravitational radiation in cosmology.
Gravitational Polarization Patterns
Finally, let us now study the polarization patterns tidally-induced by the gravitational tensor and scalar radiation. From eqs. (82), (99), and (100), we may solve for χ (s) ij required in fractional distortion formula of eq. (5) within the high-frequency limit, by first splitting it into the spin-2 and scalar sectors,
with the ansatz that the former takes the same JWKB form as χ (tt|4D rad) ij in eq. (97) and the latter as
in eq. (98), followed by equating their accelerations to eqs. (99) and (100), which then reveals that, at high frequencies,
The amplitude of the scalar portion in eq. (113) is likewise suppressed compared to that of its spin-2 counterpart (112).
If the GW wavelength is sufficiently larger than the proper size of the hypothetical GW detector employed to probe the cosmological tidal distortion, we may drop the integral over λ in eq. (5) as the perturbations (112) and (113) are approximately constant from one end to the other. Then, with the unit vector n in eq. (5) parameterized in terms of the spherical coordinates as follows,
where e x and e y are the mutually orthogonal unit vectors lying on the two-dimensional spatial plane perpendicular to the radial direction r, along which the wave is propagating, the strain (5) generated by the spin-2 waves of eq. (112) is given by
where L 0 denotes the original proper distance between two test masses before a GW impinges on the detector, and the two independent polarizations h + and h × are respectively defined as
with (a) T AB ≡ e i A e j B (a) T ij , A, B ∈ {x, y}. The result (115) clearly demonstrates the familiar spin-2 polarization pattern, which apart from the redshift factor 1/a ∝ 1/η, is very similar to its Minkowski counterpart. Specifically, the proper spatial displacement between the test masses will not be affected when the pair are aligned with the wave propagation, i.e., θ = 0, and the overall distortion amplitude reaches its maximum at θ = π/2. Furthermore, for a fixed inclination angle θ = 0, the maximum distortion of the h + polarization occurs at φ = 0 and φ = π/2, oscillating in a "+" shape, whereas the h × type of polarization has the maximum distortion at φ = ±π/4 instead. One mode will coincide with the other under a rotation of π/4 about the radial direction.
The scalar-GW-induced strain is obtained by plugging eqs. 
This shows that the resulting polarization pattern, unlike the tensor one, is isotropic with respect to the azimuthal angle φ; moreover, it reaches the maximum distortion when the pair of test masses are collinear with the wave propagation (θ = 0) and remains undistorted at θ = arccos[1/ √ 3 ]. In other words, the scalar Ψ-waves would give rise to an extra but sub-leading "longitudinal" mode in the gravitational polarization patterns.
We also observe that, within the non-relativistic limit, the scalar polarization pattern (118) involves both the mass monopole and quadrupole moments of the GW source, revealed by eq. (79) and the fact that S (Ψ|direct) ij in eq. (113) is the corresponding single "frequency" mode; whereas the spin-2 pattern (115) only involves the mass quadrupole moment, as can be seen in eqs. (74) and (112).
IV. SUMMARY, DISCUSSIONS, AND FUTURE DIRECTIONS
The primary physical results of this paper are the far zone high frequency trace-free tidal forces induced by the acoustic-gravitational perturbations found in eq. (76); as well as the corresponding fractional distortion of space in the freely-falling frame of co-moving observers, as encoded within the formula (118). We highlight the scalar results over their tensor spin-2 cousins, because the latter are largely red-shifted Minkowski solutions whereas the former do not exist in the flat background, nor even in de Sitter w = −1 or matter dominated w = 0 cosmologies.
Within the scalar-acoustic tidal forces, the astrophysical energy density (a) T 00 appears to source δ 1 C (Ψ)i 0j0 on an equal footing with the pressure term (a) T ll . This suggests, isolated astrophysical systems may lose their mass through these acoustic-gravitational radiation -a possibility already raised in [6] . (Our results here are also consistent with the point made in [6] ; that mass loss will occur as long as the sum of the astrophysical source(s)' internal pressures is non-zero.) In the same vein, notice in the non-relativistic limit, scalar radiation involves both monopole and quadrupole moments (see eq. (79));
whereas the tensor one only involves quadrupole one (see eq. (74)). Even though we are already calling these acoustic-gravitational perturbations 'scalar radiation', to be certain they do indeed carry energy-momentum away from their emitter; we would have to embark on a nonlinear calculation of the quadratic piece of the Einstein-fluid equations, so as to extract the stress-energy (pseudo-)tensor of the gravitational perturbations. Perhaps this computation could shed light on the meaning of the acoustic tail versus cone terms; in particular, why the former appears to yield stronger signals than the latter in many circumstances.
Finally, the concrete results in this work focused exclusively on the radiation dominated w = 1/3 phase of our 4D universe. This is, of course, an important epoch; and we hope to further extend our analysis here by considering specific GW sources of potential physical relevance -cosmic strings and binary primordial black holes, for instance. But we also wish to push our analytic understanding of cosmological gravitational waves to other relativistic equation-of-states 0 < w ≤ 1. d ≥ 4, given by
